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Abstract. The notion of kernel of a representation of a semisimple Hopf algebra 
is introduced. Similar properties to the kernel of a group representation are proved 
in some special cases. In particular, every normal Hopf subalgebra of a semisimple 
Hopf algebra H is the kernel of a representation of H. The maximal normal Hopf 
subalgebras of H are described. 



Introduction 

In this paper the notion of kernel of a representation of a finite dimensional semisim- 
ple Hopf algebra is proposed. Similar properties to the kernel of a group representa- 
tion are proved in some special cases. 

Let G be a finite group and X : G — > Endfc(M) be a finite dimensional represen- 
tation of G which affords the character \. The kernel of the representation M is 
defined as ker x — {d £ G\ x(o) — x(l)} an d it is the set of all group elements g G G 
which act as identity on M. (for example, see [3j) Every normal subgroup N of G is 
the kernel of a character, namely the character of the regular representation of G/N. 
If Z = {g G G\ \x{o)\ — x(l)} then Z is called the center of the character x anci it 
is the set of group elements of G which act as a unit scalar on M. The properties of 
Z and ker x are described in [Lemma 2.27, [3j] which shows that Z/ker x is a cyclic 
subgroup of the center of G/ker x- 

If M is a representations of a finite dimensional semisimple Hopf algebra H and 
X G C(H) is its associated character then ker x C H is defined as the set of all 
irreducible if *-characters d G H such that d acts as the scalar e(d) on M. Note that 
in the case H = kG the irreducible if *-characters are the elements of G and we obtain 
exactly the kernel of M as defined in [3]. We prove that ker x — {d G Irr(fP)| x(c/) = 
e(d)x(l)}. Similarly, the set of all the irreducible characters of H* that acts as a root 
of unity scalar on M is characterized as z = {d G lrr(H*)\ \x(d)\ = e (^)x( i )}- 

Section [1] presents the definition and the main properties of the kernel x °f a 
character v and its center z, . It is shown that these sets of characters are closed 
under multiplication and the duality operation " * " and thus they generate Hopf 
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subalgebras of if denoted by if and Z x , respectively. We say that a Hopf subalgebra 
K of if is the kernel of a representation if K = H x for a certain character \ of -f- 

Section [2] studies the relationship between normal Hopf subalgebras and the Hopf 
algebras generated by kernels. It is shown that any normal Hopf subalgebra is the 
kernel of a character which is central in if*. 

Section [3] investigates the structure of the Hopf subalgebras H generated by the 
kernel of a character x affording a representation M and which is central in if*. It is 
shown that if x is normal in if and all the representations of if/ / H x := H/HH+ are 
the representations which are constituents of some tensor power of M. Combining 
this with the main theorem of the previous section it follows that a Hopf subalgebra 
is normal if and only if it is the kernel of a character central in the dual Hopf algebra. 

Using a basis description given in p3] for the algebra generated by the characters 
which are central characters in if* we describe a finite collection of normal Hopf 
subalgebras of if which are the maximal normal Hopf subalgebras of if ( under 
inclusion) . Any other normal Hopf subalgebra is an intersection of some of these Hopf 
algebras. Two other results that also hold for group representation are presented in 
this section. In particular Z / /if is a group algebra of a cyclic group contained in 
the group of central grouplike elements of if/ / if . 

In the last section we consider a double coset type decomposition for Hopf algebras. 
If if is a finite dimensional semisimple Hopf algebra and K and L are two Hopf 
algebras then if can be decomposed as sum of K — L bimodules which are free both 
as fT-modules and f-modules. To the end we give an application in the situation of 
a unique double coset. 

Algebras and coalgebras are defined over the algebraically closed ground field 
k = C. For a vector space V over k by |V| is denoted the dimension dim^V. The 
comultiplication, counit and antipode of a Hopf algebra are denoted by A, e and S, 
respectively. We use Sweedler's notation A(x) = Yli x i ® x 2 for all x G H. All the 
other Hopf notations are those used in [8]. 

1. Properties of the kernel 

Let if be a finite dimensional semisimple Hopf algebra over the algebraically closed 
field k of characteristic zero. Then H is also cosemisimple [6j. Denote by Itt(H) 
the set of irreducible characters of H. Let G (H) be the Grothendieck group of 
the category if-mod of finite dimensional left if -modules and C(H) be its scalar 
extension to k. Then C(H) = Go (if) <S> Z k is a semisimple subalgebra of if* with 
basis given by the characters of the irreducible if -modules [TH]. Moreover C(H) = 
Cocom(if*), the space of cocommutative elements of H* . The character ring of if* 
is a semisimple subalgebra of if** = if and under this identification it follows that 
C{H*) = Cocom(if). 

If M is an if -module with character x then M * is also an if -module with character 
X* = X ° S. This induces an involution " * " : C(H) -> C{H) on C{H). 
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Let if be a finite dimensional semisimple Hopf algebra over an algebraically closed 
field of characteristic zero. Recall that the exponent of if is the smallest positive 
number m > such that = e(h)l for all h G if. The generalized power is 
defined by /i' m ' = Yl(h) hih 2 ...h m . The exponent of a finite dimensional semisimple 
Hopf algebra is always finite and divides the cube power of dimension of if pQ. 

If W G if *-mod then W becomes a right if-comodule via p : W — > W <8> if given 
by p(w) = w o ® W\ if and only if fw = ^ f(wi)w for all w G W and / G H*. 

1.1. Let W be a simple if*-module. Then is a simple right if-comodule and 
one can associate to it a simple subcoalgebra of if denoted by C w |5J. If q — \W\ 
then \C W \ = q 2 and it is a co-matrix coalgebra. It has a basis {xij}i<i,j< q such that 
A(xij) = J21 =0 Xu ® x;j for all 1 < i,j ' < q. Moreover W = k < xu\ 1 < i < q > 
as right if-comodule where p(xu) = A(xij) = Ym=o x u ® ^ or all 1 < z < g. The 
character of W as left if *-module is d G C(H*) C ff and it is given by d — Yli=i x a- 
Then e(d) = q and the simple subcoalgebra C w is also denoted by C d . 

Proposition 1.1. Let if be a finite dimensional semisimple Hopf algebra over k 
and M and W be irreducible representations of H and if* respectively, affording the 
characters x G C(H) and d G C(H*). Then: 

(1) \ X (d)\ < X (l)e(d) 

(2) Equality holds if and only if d acts as ae(d)Id M on the irreducible 
if -representation M , where a is a root of unity. 

Proof. (1) W is a right if — comodule and one can define the map 

T : M <g> W — ► M ® W 
m®w i — >■ Yl uJim g) w 

It can be checked that T p (m <g> w) = w[ p 'm £g> w for all p > 0. Thus, if 
m = exp(if) then T m = ld Ml8W . Therefore T is a semisimple operator and all 
its eigenvalues are root of unity. It follows that tr(T) is the sum of all these 
eigenvalues and in consequence |tr(T)| < dimfc(M ® W) = x(l)e(rf). 

It is easy to see that tr(T) = x{d)- Indeed using the above remark one 
can suppose that W = k < xu \ 1 < i < q > where C w = k < Xij\ 1 < 
i, j < q > is the coalgebra associated to W. Then the formula for T becomes 
T(m <g> xu) = J2f=l x ji m ® x ij which shows that tr(T) = ^2t=o x( x u) = x(d)- 
(2) Equality holds if and only if T = ax(l)e((i)Id Mi8lv for some a root of unity. 
The above expression for T implies that in this case x^-m = 5ijam for any 
1 < i , j < e(d). In particular dm = ae(d)m for any m G M which shows that 
d acts as a scalar multiple on M and that scalar is ae(d). The converse is 
immediate. 

□ 
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Let M be an irreducible representations of H which affords the character \. Define 
ker x as the set of all irreducible characters d G Irr(_ff*) which act as the scalar e(d) on 
M. The previous proposition implies that ker x = {d G Irr(iif*)| x(d) — e (^)x(l)}- 

Similarly let z x be the the set of all irreducible characters d G Irr(iP) which act 
as a scalar ae(d) on M, where where a is a root of unity. Then from the same 
proposition it follows z x = {d G lrr(H*)\ — e (^)x(l)}- Clearly ker x C z . 

Remark 1.2. For /ater use /et us notice that ker x C ker x n for all n > 0. Indeed if 
d G C(H*) is an element of ker x then one has a simple subcoalgebra associated to 
d and d = Ylf=l x a- Then from the proof of Proposition \1.1\ it follows that x( x ij) = 
x(l)<%. Thus 

e(d) 6(d) 

X n (d) = Y1 Yl X(xui)x(xiii 2 ) ■ ■ ■ X(xi n i) =x(l) n e( d ) 

i=l ii,— ,i„=l 

Similarly it can be shown that z % C z x „ . 

Remark 1.3. From the proof of Proposition li.il if d G z and Cd = k < Xij | 1 < 

i,j < > is the simple subcoalgebra of H associated to d then x( x ij) — x(l) Q! x^i 
where a x G k is a root of unity. 

A subset X C Irr(_ff*) is closed under multiplication if for every x, G X in the 
decomposition of x^ — S 7 eirr(iT) m i'~1 one nas 7 £ X if m 7 ^ 0. A subset X C C(if) 
is closed under " * " if x* G X for all x G X. 

Proposition 1.4. Let H be a finite dimensional semisimple Hopf algebra and M 
a simple H -module affording the irreducible character x G C(H). Then the subsets 
ker x °> n d z x of C(H*) are closed under multiplication and " * ". 

Proof. Proposition 11.11 implies that x{d) = e (d)x(l) if and only if d acts as e(d)ld M 
on M. Therefore if d G ker x then d* = S(d) G ker x since = x{d) [II] - 

Let d, cf G ker Then gW acts as e(dd')IdM on M since d acts as e(d)IdM and d' 
acts as e(d')IdM on M Write cfcf = *Y^l=\ m idi where di are irreducible characters of 
H* and m; 7^ for all 1 < % < q. Then x{dd') = Y^=i m iX{di) and 

X {l)e{dd') = \ X (dd')\ < Y,mi\x{di)\ < x(l) t m «< rf .) = X^M^') 

i=i i=i 

It follows by Proposition 11.11 that x(di) — x(l) e (^i) and therefore di G ker x f° r all 
1 < i < q. 

Similarly it can be shown that z x is closed under multiplication and " * ". □ 

1.2. If X C C(H*) is closed under multiplication and " * " then it generates a Hopf 
subalgebra of H denoted by H x [10J. One has H x = @dexCd- Using this, since 
the sets ker x and z x are closed under multiplication and " * " they generate Hopf 
subalgebras H denoted by H and Z , respectively. 
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Remark 1.5. The proof of the Proposition \1.1\ implies that x i H — x{^) e H where 
X i H is the restriction of x to the subalgebra H x and e H is the character of the 
trivial module over the Hopf algebra H . 

2. Normal Hopf subalgebras 

As before let if be a finite dimensional semisimple Hopf algebra over the field 
k = C. In this section we prove that any normal Hopf subalgebra of if is the kernel 
of a character which is central in the dual algebra if*. 

Let Irr(if) = {xo, ■ ■ ■ , Xs} be the set of all irreducible if-modules. Let M be a 
not necessarily irreducible representations of if which affords the character x- Define 
as before 

kei X = {delTT(H*)\x(d) = e(d)x(l)} 

If x — Y7i=i m iXi where G Z> then ker x — ^m^o ker Xi-> where ker Xi was 
defined in the previous section. 

Proposition 11.11 implies that ker x is the set of all irreducible characters d of if* 
which act as the scalar e(d) on M. If z x = {d G Irr(if*)| \x{d)\ — e (^)x(l)} then 
from the same proposition it follows z x is the set of all irreducible characters d of 
H* which act as a scalar ae(d) on M, where where a is a root of unity. Clearly 
ker Y C z C H m .-^o z . . Proposition 11.41 implies that ker v and z are closed under 
multiplication and " * " , thus they generate Hopf subalgebras of H denoted again by 
H x and Z x . 

For a semisimple Hopf algebra H over an algebraically closed field k of characteristic 
zero use the notation Ah G H for the idempotent integral of H ( e(A#) = 1) and 
t H G H* for the idempotent integral of H* (iff (1) = 1). If lxx{H) = {xo, ■ ■ ■ , Xs} is 
the set of irreducible if-modules then from [8] it follows that the regular character of 
H is given by the formula 

s 

(2-1) \H\t H = 

i=0 

The dual formula is 

(2.2) \H\A H = < d ^ d 

dein(H*) 

One also has t H (A H ) = ^ [B]. 

If A' is a Hopf subalgebra of H then A is a semisimple and cosemisimple Hopf 
algebra [E]. 

A Hopf subalgebra A of if is called normal if hixS(h,2) G A and S(hi)xh,2 G A 
for all x G A and h E H . If if is semisimple Hopf algebra as above then S 2 = Id 
(see [6j) and A is normal in H if and only if HixSiJi?) G A for all x G A and /i G if . 
Also, in this situation A is normal in ff if and only if A K is central in if [7]. If 
A + = Aer(e) D A and A normal Hopf subalgebra of if then if A + = A + if and 
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H / / K := H/HK + is a quotient Hopf algebra of if via the canonical map it : ff — > 
H//K. 

2.1. Suppose that if is a normal Hopf subalgebra of ff and let L = if/ / K be the 
quotient Hopf algebra of ff via 7r : ff — > L. Then 7T* : L* — > if* is an injective Hopf 
algebra map. It follows that 7r*(L*) is normal in ff*. Indeed, it can be checked that 
tt*(L*) = {/ G H*\f(ha) = f(h)e(a) for all h £ H, a G ff}. Using this description it 
is easy to see that gifS(g 2 ) G L* for all g e H* and f e L* . Moreover (H*//L*)* = K 
since (H*//L*)* = {a e H** = H \ fg(a) = f(l)g(a) for all / G ff * and (7 G L*}. 

In this situation it can be seen that the irreducible representations of L = if/ / K are 
those representations M of ff such that each x G K acts as e(x)Id,M on M. Let M be 
an irreducible representation of L. Suppose that \ is the character of M as L-module. 
Then n*( X ) G C{H) is the character of M as ff -module. If d G C(K*) C C(i?*) 
then d acts as e(c?)Idjvf on M and therefore d G ker \. Using the notations from the 
previous section it follows that H^. D K. 

Let n be any irreducible representation of H and £ G Z(ff) be the central primitive 
idempotent associated to it. Then z/(£ M ) = 8^ y /i(l) for any other irreducible character 
of H. 

Dually, since H* is semisimple to any irreducible character d G C(H*) one has 
an associated central primitive idempotent £d G H* . As before one can view d G 
H** = H and the above relation becomes ^d{d') — <^d, d' e (d) for any other irreducible 
character d' G C(H*). 

We say that a Hopf subalgebra K of if is the kernel of a character if K = H x for 
some character \ G C(H). Following is the main result of this section. 

Theorem 2.3. Let H be a finite dimensional semisimple Hopf algebra over k. Any 
normal Hopf subalgebra of H is the kernel of a character which is central in H* . 

Proof. Let K be a normal Hopf subalgebra of H and L = H/ / K. Then L is a 
semisimple and cosemisimple Hopf algebra [S]. The above remark shows that the 
irreducible representations of L are exactly those irreducible representations M of H 
such that if D K where v., is the ff -character of M. 

Let 7r : ff — > L be the natural projection and 7r* : L* — >• ff * its dual map. Then 
7T* is an injective Hopf algebra map and L* can be identified with a Hopf subalgebra 
of ff*. Therefore, if t L G L* is the idempotent integral of L then \L\t L is the regular 
representation of L and ifiL|7r*(« ) ^ Since 7r*(L*) is a normal Hopf subalgebra of 
if* it follows from the same result [7] that vr*(t L ) is a central element of ff *. Therefore 
if we show that H , t . t } = K then the proof will be complete. 

For any irreducible character d G C(H*) let £d G if* be the associated central prim- 
itive of ff *. Then {(,d}d&rr(H*) is the complete set of central orthogonal idempotents 
of ff * and £d(cf) = 8d, d't{d) for any two irreducible characters of ff *. 
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Since vr*(t L ) is a central idempotent of H* one can write it as a sum of central 
primitive orthogonal idempotents 

where X is a subset of Irr(fP). It follows that for any d G Irr(fP) one has that 
7T*(t L )(d) = e(d) if d G X and 7T*(t L )(d) = otherwise. 

Since ker |L|7r*(t L ) D X one has ir*(t L )(d) = e(d) for all d G Irr(X*) and thus all 
the irreducible characters of Irr(X*) C X. 

Let A H G H and A L G L be the idempotent integrals of H and L. Since 7r is a 
Hopf algebra map one has tt(Ah) = A L . 

Then 

n*(t L )(A H ) =t L (rr(A H )) =t L (A L ) = ^ 
On the other hand, since A H = ^ ^ dgIrr (#*) e(rf)d it follows that 



1 1 dex 

which implies that J2dex e2 (d) — w — l-^l- Since Z}delrr(K*) = \K\ and 

Irr(X*) C X we conclude that lxx{K*) = X and ^ £ ,., (t } = # □ 

Remark 2.4. Let A be a finite dimensional semisimple Hopf algebra over the field k 
and e £ A be an idempotent. Then e is central in A if and only if the value x( e ) is 
either or for any irreducible character \ of A. 

Indeed, since k is algebraically closed A is a product of matrix rings. If e is a 
central idempotent then e is a sum of primitive central idempotents and one has the 
above relations. Conversely, write e as sum of primitive orthogonal idempotents of 
A. The above relations implies that e contains either all primitive idempotents from 
a matrix ring or none of them. Thus e is central in A. 

If X is a X-module let X tx = H®kX be the induced module. If X has character 
/i G C(K) then denote by \i fj^G C(H) the if-character of the induced module 
X In particular, for X = k viewed as X-module via the augmentation map e K 
let e Tx := e K Tk be the character of H ®k k = H/ /K. 

Corollary 2.5. Let K be a Hopf subalgebra of H . Then K is normal in H if and 
only if H = K. 

E K 

Proof. Suppose X is a normal Hopf subalgebra of H . With the notations from the 
above theorem, since e \L\n*(t L ) and H [L ^ {t ) = K, it follows H = K. 

Conversely, suppose that H H = K. Then using the Remark [TTol it follows ef^| x = 
pjrje K . Using Frobenius reciprocity this implies that for any irreducible character \ 
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of H we have that the value of m(x Ik, £k) = fn{Xi e \k) is either if X is 
a constituent of e ff or otherwise. But if A K is the idempotent integral of K 
then m{x Ik, e A ) = x{^- K The remark above implies that A K is a central 
idempotent of H. Then if is a normal Hopf subalgebra of H by [TJ. □ 

3. Central characters 

Let H be finite dimensional semisimple Hopf algebra over k. Consider the central 
subalgebra of H defined by Z(H) = Z(H) f]C(H*). It is the algebra of //""-characters 
which are central in H. Let Z(H*) := Z(H*) f)C(H) be the dual concept, the 
subalgebra of ii*-characters which are central in H. 

Let<P:H*^H given by / h- / -, A H where / —r A H = f(S(A Hi ))A H2 . Then 
<f) is an isomorphism of vector spaces with the inverse given by = h — v \H\t H 

for all h G H [8\. Recall that (h -»> f)(a) = f(ah) for all a, h G H and / G H*. 

3.1. With the above notations, it can be checked that 0(£<f) = an< ^ < / ,_1 (^ x ) = 
for all d G Irr(ff*) and x £ Irr(if), (see for example [8j). Recall that ^ is 
the central primitive idempotent of H* associated to the simple representation cor- 
responding to the character d and £ x is central primitive idempotent of H associated 
to the simple representation corresponding to the character \. 

We use the following description of Z(H*) and Z(H) which is given in [TJ]. Since 
<f>(C(H)) = Z(H) and <p(Z(H*)) = C{H*) it follows that the restriction 

is an isomorphism of vector spaces . 

Since Z(H*) is a commutative algebra over the algebraically closed field k it has 
a vector space basis given by its primitive idempotents. Since Z(H*) is a subalgebra 
of Z(H*) each primitive idempotent of Z(H*) is a sum of primitive idempotents of 
Z(H*). But the primitive idempotents of Z(H*) are of the form ^ where d G Irr(iP). 

Thus, there is a partition {3^}jeJ °f the set of irreducible characters of H* such 
that the elements (ej)j E j given by 

form a basis for Z(H*). Remark that ej(d) = e(d) if d G 3-j and ej(d) = if d £ y^. 

Since (f>(Z(H*)) = Z(H) it follows that £j := |if|0(ej) is a basis for Z{H). Using 
first formula from 13.11 one has 

e} = e(d)d 
dey 3 
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3.2. By duality, the set of irreducible characters of H can be partitioned into a finite 
collection of subsets such that the elements (fi)i^i given by 

A=E x(i)x 

form a /c-basis for Z(H*) and the elements = X^e.** £ x f° rm a basis for Z(H). 
Clearly |/| = |J|. 

The following remark will be used in the proof of the next proposition. 

Remark 3.1. Let M be a representation of a semisimple Hopf algebra H . Consider 
the set C of all simple representations of H which are direct summands in all the 
tensor powers M® n . Then C is closed under tensor product and " * " and it generates 
a Hopf algebra L which is a quotient of H [13]. Note that ifCc C(H) is closed under 
multiplication and " * " then using the dual version of \ 1 . S\ it follows that C generates 
a Hopf subalgebra H£ of H* . It follows that L = (He)*. If M has character x G H* 
then the character ir*(t L ) G C(H) can be expressed as a polynomial in x with rational 
coefficients (see Corollary 19, [TT] ). 

Proposition 3.2. Suppose x is a character of H which is central in H*. Then H is 
a normal Hopf subalgebra of H and the simple representations of Hj / H x = H/H+H 
are the simple constituents of all the powers of x- 

Proof. Since x £ Z(H*), with the above notations one has x = Yjj=o a , e jj where 
ctj G k. It follows that x{d) = ct 3 e(d) if d G 3-^. Therefore if d G 3^' then d G ker x if 
and only if a. = 

This implies ker \ is the union of all the sets such that a = Using formula 

12.21 the integral \H x \Ah can be written as 

\ h j a h x = E < d ) d = E E e ^= E ^ 

cieker X {j | a 3 = X (l)} dey 3 {j | a J=X (l)} 

Then A# is central in H since each is central in H. Theorem 2.1 from [7] implies 
that H is normal in H. 

Let V be an if -module with character x an d I = flm>o Ann(V r ' Xl m ). If L is the 
quotient Hopf algebra of H generated by the constituents of all the powers of x then 
from [41 one has that L = HI I. Note that I D HH+ 

=— ' ' \L\ir*(t L ) 

Using Remark 13.11 one has that vr*(t L ) of L is a polynomial in x with rational 
coefficients . Since x is central in H* it follows that vr*(t L ) is a central element of H* 
and thus L* is a normal Hopf subalgebra of H*. Using [2TT1 (for L* •— > H* ) it follows 
that H//(H*//L*)* = L. Then if K = (H*//L*)* one has H//K = L. Theorem 
implies that H. L ,* . = K thus Hj /H. , t . = Hj /K = L. But L = H/I and since 

I D HH+ it follows that HH+ = I. 
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It is easy to see that HH + C I since the elements of H act as e on each tensor 
power of V (see II. 2p . 

On the other hand \L\t L is the regular character of L. Then ker x ^ ker \L\n*{t L ) 
since Y is a constituent of |L|7r*(£, ). Thus I D HHt D HH + 

^ ' ' \ L / X \L\Tv*(t L ) 

Since HH+ =1 it follows HH+ = 1 and thus H//H = L. □ 
Theorem 12.31 and the previous proposition imply the following corollary: 

Corollary 3.3. Let H be a finite dimensional semisimple Hopf. A Hopf subalgebra 
of H is normal if and only if it is the kernel of a character x which is central in H* . 

Let Hi := H f . From Proposition 13. 21 it follows that Hi is a normal Hopf subalgebra 
of H . If K is any other normal Hopf subalgebra of H then Theorem 12.31 implies that 
K = H x for some central character x- Following [H] one has x — Si=i m ifi f° r some 
positive integers r?v Then ker x = H| =1 ker f] which implies that H x = f] s i=1 Hi. 
Thus any normal Hopf subalgebra is an intersection of some of these Hopf algebras 
//*• 

3.3. If K and L are normal Hopf subalgebras of H then KL = LK is a normal Hopf 
subalgebra of H that contains both K and L. Indeed, if a G K, b G L then one has 
ab = (aibS(a2))a 3 G LK and x\abS(x2) = xiaS{x2)x^bS{x4) G KL for all x G H. 

Let L be any Hopf subalgebra of H . We define core(L) to be the biggest Hopf 
subalgebra of L which is normal in H. Based on 13.31 clearly core(L) exists and it is 
unique. 

In the next theorem the following terminology will be used. If M and iV are 
representations of the Hopf algebra H affording the characters x an d ^ then we say 
that x is a constiutent of \i if M is isomorphic to a submodule of N. 

If A is a Hopf subalgebra of H then there is an isomorphism of if -module Hj HA + = 
H® A k given by h > h® A 1. Thus if A C B C H are Hopf subalgebras of H then e f^f 
is a constituent of e since there is a surjective if-module map Hj HA + — > Hj HB + . 

3.4. Suppose x an /i are two characters of two representations M and N of H such 
that /i is central in H* and x is an irreducible character which is a constituent of /i. 
Using 13.21 it follows that x £ <^o f° r some i G /. Since \i is central in if* it follows 
that /i is linear combination with nonnegative integer coefficients of the elements fi. 
Since x is a constituent of fi it follows that fi is also a constituent of \i. 

Remark 3.4. Suppose that M and N are two H -modules affording the characters x 
and fi. If M is a submodule of N then ker /i C ker x an d consequently if M is a Hopf 
subalgebra of H x . Indeed, if d G ker /i t/ien <i acts as e(d)ldN on N. It follows that d 
acts also as the scalar e(d) on M and thus d G ker x- 

Theorem 3.5. If x is an irreducible character of H such that x G Xi for some i G I 
then core(H) = H f . 
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Proof. Since x Ih x = x(^) 6 h x by Remark ll.5[ it follows that x is a constituent of 
e TIL Thus ker X 2 ker ( e TfJ and H D H . 

X X e ~H x 

Let Hi = H and 

if s+1 = E A n for a > 1. 

f» s 

The above remark implies implies that H s I) H s+ \. Since if is finite dimensional we 
conclude that there is Z > 1 such that ff = Hi +1 = ■ ■ ■ = H i+n = ■ ■ ■ . 

Corollary 12.51 gives that Hi is a normal Hopf subalgebra of H. 

We claim that core (if x ) = Hi. 

Indeed, for any normal Hopf subalgebra K of H with K C H C H we have 
that e |j is a constituent of e and then using Corollary 12.51 it follows that 
K — H „"c H =H 2 . 

Inductively, it can be shown that K d H s for any s > 1, which implies that 
core(if x ) = if;. 

It remains to show that Hi = H. . 

Since is a central character of if* it follows from Proposition 13.21 that if, is a 

Ji 

normal Hopf subalgebra of H. Since x is a constituent of by Remark 13.41 one has 
that if, C if v . Since if is the core of ff Y one gets that H, C if/. 

Next we will show that if C ff f . By Proposition 13.21 ti := e is the if- 
character of H/ /Hi = H/Hi + H and is central in if*. Since x l# x = x(l) e n x an d 
ff C if x it follows that x l H ~ x(1) 6 h ■ By Frobenius reciprocity one has that x is 
a constituent of the character ti. Using I3T41 it follows that f\ is also constituent of t;. 
Then ker (f/) D ker (t,) and # D H t{ = Hp □ 

Proposition 3.6. Let H be a semisimple Hopf algebra. Then 

n z x=£(fi) 

xelrr(_ff) 

where G(H) is the set of all central grouplike elements of if . 

Proof. Any central grouplike element g of if acts as a scalar on each simple if-module. 
Since g exp ( H ) = 1 it follows that this scalar is a root of unity and then 



X 

XeIrr{H) 



Let o? G fl z . If C, is the simple subcoalgebra of if associated to d (see 

11.11) then d = ^21=1 x u- Remark 11.31 implies that acts as bi^a x ldu x on M x where 
a x is a root of unity. For i ^ j, it follows that Xy acts as zero on each irreducible 
representation of if. Therefore x%j = for all % ^ j and d is a group like element of 
ff . Since d acts as a scalar on each irreducible representation of if we have d G Z(H) 
and therefore d G G(H). 
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□ 

Remark 3.7. If x £ Z(£P) £/ien Proposition \ 3.2\ together with Theorem 5.3 o/ [1] 
imply that G(H/ /H ) is a cyclic group of order equal to the index of the character x- 

The next theorem is the generalization of the fact that Z/ker \ is a cyclic subgroup 
of G/ker \ for any character of the finite group G. 

Theorem 3.8. Let M be a representation of H such that its character \ is central 
in H* . Then Z x is a normal Hopf subalgebra of H and Z / /H is a Hopf subalgebra 
ofkG(H//H x ). 

Proof. Since x £ Z(i?*) one can write x = X]j=o a i e i with a,- G fc. A similar 
argument to the one in Proposition 13.21 shows that 

i z J A Zx = E E e ^ = E e ^ 

{ilKI=x(i)} {j||ail=x(i)} 
Therefore A z is central in H and Z x is normal Hopf subalgebra of H. Let ir : 
H — > H/ / H be the canonical projection. Since H is free Z module there is also 
an injective Hopf algebra map i : Z / / H — ► H//H such that z(z) = 7r(^) for all 

Proposition 13.21 implies that all the representations of H/ / H x are the constituents 
of powers of x- 

From Remark 11.21 it follows that Z x C Z ; for any nonnegative integer I. Then any 

d G z acts as a unit scalar on all the representations of H/ /H . Thus the image of 
any d G z x under 7r acts as a unit scalar on each representation of H/ / H x and by 
Proposition 13.61 it is a central grouplike elements of H/ /H . Let C d =< x^- > be the 
coalgebra associated to d as in ll.ll Remark 1.3 also implies that Xij acts as zero on any 
tensor power of x and then its image under 7r is zero. Thus %(Z j /H ) C kG(H/ /H ). 

4. Double coset formula for cosemisimple Hopf algebras 

In this section let H be a semisimple finite dimensional Hopf algebra as before and 
K and L be two Hopf subalgebras. Then H can be decomposed as sum of K — L 
bimodules which are free both as i^-modules and L-modules and are analogues of 
double cosets in group theory. To the end we give an application in the situation of 
a unique double coset. 

There is a bilinear form m : C(H*) ® C(H*) — > k defined as in [TO]. If M 
and N are two if-comodules with characters c and d then m(c, d) is defined as 
dimfcHom K (M, N). The following properties of m (see [TD]) will be used later: 

m(x, yz) = m(y*, zx*) = m(z* , x*y) and m(x,y) = m(y, x) = m(y*, x*) 

for all x,y,z G C(H*). 
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Let H be a finite dimensional cosemisimple Hopf algebra and K, L be two Hopf 
subalgebras of H. We define an equivalence relation on the set of simple coalgebras 
of H as following: C ~ D if C C KDL. 

Since the set of simple subcoalgebras is in bijection with Irr(iP) the above relation 
in terms of if *-characters becomes the following: c ~ d if m(c , A K dA L ) > where A K 
and A L are the integrals of K and L with e(A K ) = \K\ and e(A i ) = \L\. In order to 
simplify the further writing in this section we changed the notations from the previous 
sections. Note that in the previous sections A A was denoting the idempotent integral 
of A (e(A A ) = 1) for any finite dimensional semisimple Hopf algebra A. 

It is easy to see that ~ is an equivalence relation. Clearly c ~ c for any c G Irr(if *) 
since both A K and A L contain the trivial character. 

Using the properties of the bilinear form m given in [10], one can see that if 
c ~ d then m{d, A K cA L ) = m(A* K , cA L d*) = m(c*, A L d*A K ) = m(c, A* K dA* L ) = 
m(c, A K dA L ) since A* = A A . and A* = A L . Thus d ~ c. 

The transitivity can be easier seen that holds in terms of simple subcoalgebras. 
Suppose that c ~ d and d ~ e and c, d, and e are three irreducible characters 
associated to the simple subcoalgebras C, D and E respectively. Then C C KDL 
and D C KEL. The last relation implies that KDL C K 2 EL 2 = KEL. Thus 
C C KEL and c ~ e. 

If Ci,C2, ■ ■ -Q are the equivalence classes of ~ on Irr(if*) then let 



for < i < I. 

Remark 4.2. Let C\ and C2 be two subcoalgebras of H and K = Yl n >o^i an< ^ 
L = Yl n >o^2 be the two Hopf subalgebras of H generated by them [10J. The above 
equivalence relation can be written in terms of characters as follows: c ~ d if 
m(c, c™dc™) > for some natural numbers m, n > 0. 

In the sequel, we use the Frobenius-Perron theorem for matrices with nonnegative 
entries (see [2]). If A is such a matrix then A has a positive eigenvalue A which 
has the biggest absolute value among all the other eigenvalues of A. The eigenspace 
corresponding to A has a unique vector with all entries positive. A is called the 
principal value of A and the corresponding positive vector is called the principal 
vector of A. Also the eigenspace of A corresponding to A is called the principal 
eigenspace of A. 

The following result is also needed: 

Proposition 4.3. ([2\, Proposition 5.) Let A be a matrix with nonnegative entries 
such that A and A 1 have the same principal eigenvalue and the same principal vec- 
tor. Then after a permutation of the rows and the same permutation of the columns 
A can be decomposed in diagonal blocks A = Ai, A 2 , ■ ■ ■ , Ai with each block an 
indecomposable matrix. 



(4.1) 




dec, 
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For the definition of an indecomposable matrix see [2]. 

For any character d G C(H*) let L& and Rd be the left and right multiplication 
with d on C(H*). 

Theorem 4.4. Let H be a finite dimensional semisimple Hopf algebra over the alge- 
braically closed field k and K, L be two Hopf subalgebras of H. Consider the linear 
operator T = L A o R A on the character ring C(H*) and [T] the matrix associated 

to T with respect to the standard basis of C(H*) given by the irreducible characters 
ofH*. 

(1) The principal eigenvalue of [T] is \K\\L\. 

(2) The eigenspace corresponding to the eigenvalue \K\\L\ has (gOk^ as k- basis 



were at are defined in 4-1 



Proof. (1) Let A be the principal eigenvalue of T and v be the principal eigenvector 
corresponding to A. Then A K vA L = Xv. Applying e on both sides of this 
relation it follows that |iT||L|e(i>) = Ae(i>). But e(t>) > since v has positive 
entries and it follows that A = |if||L|. 
(2) It is easy to see that the transpose of the matrix [T] is also [T] . To check that 
let Xi, ■ ■ • , x s be the basis of C(H*) given by the irreducible characters of H* 
and suppose that T(xA = Ylj=i^ij x j- Thus t^ = m(xj, A K XiA L ) and tji = 
m(xi, A K XjA L ) = m(A* K , XjA L x*) = m(x*, A L x*A K ) = m(xj,A* K XiA* L ) = Uj 
since = S(A K ) = A K and also A* = A L . Proposition 14.31 implies that the 
eigenspace corresponding to A is the sum of the eigenspaces of the diagonal 
blocks Ai, A 2 , ■ ■ ■ Ai. Since each is an indecomposable matrix it follows 
that the principal eigenspace of Ai is one dimensional (see [2]). The rows 
and columns of any block Ai are indexed over a subset Si of characters of 
Irr(fP). The definition of ~ implies that each Si is a union of some of its 
equivalence classes. Since Ai is indecomposable it follows that Si is just one 
of the equivalence classes of ~. Clearly Oj is a principal eigenvector for T. It 
follows that the eigenspace corresponding to the principal eigenvalue 
has a k- basis given by a« with < i < I. 

□ 

Corollary 4.5. Let H be a finite dimensional cosemisimple Hopf algebra and K, L 
be two Hopf subalgebras of H . Then H can be decomposed as 



H = ®Bi 



i=l 



where each Bi is a (K,L)- bimodule free as both left K -module and right L-module. 

Proof. Consider as above the equivalence relation ~ relative to the Hopf subalgebras 
K and L. For each equivalence class Cj let Bi = © CgC C. Then KBiL = Bi from 
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the definition of the equivalence relation. Then Bi = KBiL G k-Ml which implies 
that Bi is free as left if-module and right L-module [12]. □ 



Corollary 4.6. With the above notations, if d G C{ then 

A A 

( 4 -7) 7^777 = < d > 



\K\ \L\ e(ai) 

Proof. One has that A K dA L is an eigenvector of T = L A o i? A with the maximal 
eigenvalue |if||L|. From Theorem 14.41 it follows that A K dA L is a linear combination 
of the elements a 3 -. But A K dA L cannot contain any aj with j ^ i because all the 
irreducible characters entering in the decomposition of the product are in Cj. Thus 
A K dA L is a scalar multiple of a, and the formula 14. 71 follows. □ 



Remark 4.8. Setting C\ = k in Theorem 4^4 we obtain Theorem 7 [10J. The above 



equivalence relation becomes c ~ d if and only if m(c, dc™) > for some natu- 
ral number m > 0. The equivalence class corresponding to the simple coalgebra kl 
consists of the simple subcoalgebras of the powers C™ for m > 0. Without loss of 
generality we may assume that this equivalence class is C\ . It follows that 

d CLi Oi 

e(d) e(ai) e(a») 
for any irreducible character d e Cj. 

Let if be a semisimple Hopf algebra and A be a Hopf subalgebra. Define H/ j A = 
H/HA + and let 7r : H — > i7/ /A be the module projection. Since ifv4 + is a coideal of 
H it follows that H / j A is a coalgebra and tt is also a coalgebra map. 

Let be the trivial A- module via the counit e. It can be checked that H/ j A = 
H ® A k as if-modules via the map h — > h ® A 1. Thus dim^if/ j A = rank A if. 

If L and K are Hopf subalgebras of H define also LKj / K := LK / LK + . LK is a 
right free X-module since LK G M-x- A similar argument to the one above shows 
that LK/ /K = LK ® x where is the trivial if-module. Thus dimkLK/ /K = 
ra,nk K LK. 

Theorem 4.9. Let H be a semisimple Hopf algebra andK, L be two Hopf subalgebras 
of H . Then Lj / L D K = LK/ /K as coalgebras and left L-modules. 

Proof. Define the map <fi : L — ► LKj /K by 0(7) = I. Then is the composition 
of L '—t LK —>■ LKj j K and is a coalgebra map as well as a morphism of left L- 
modules. Moreover is surjective since Ik = e(k)l for all I G L and k G if. Clearly 
L(L fl if ) + C ker(0) and thus induces a surjective map (j) : Lj /Lf] K — * LKj /K. 
Next it will be shown that 
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which implies that is bijective since both spaces have the same dimension. Con- 
sider on Itt(H*) the equivalence relation introduced above and corresponding to 
the linear operator L A o R Assume without loss of generality that C\ is the 

L K 

equivalence class of the character 1 and put d = 1 the trivial character, in the 
formula 14.71 Thus ttttwt = -rH- But from the definition of ~ it follows that 

\L\ \K\ e(a 1 ) 

ai is formed by the characters of the coalgebra LK. On the other hand A L = 
]T\52d£irr(L*) e ( d ) d and A k = ]k\^d€irr(K*) e ( d ) d ( see 0)- Equality HH follows 
counting the multiplicity of the irreducible character 1 in A A ,A L . Using [10] we know 
that m(l ,dd') > if and only if d' = d* in which case m(l , dd') = 1. Then 

m ( 1 ' ~\l\]k\) = Jl\\k\ ^deiw(LnK) e ( d ) 2 = jljffj and m 0-i i^y) = T^Tj = JTk\- n 

Proposition 4.11. Let H be a finite dimensional cosemisimple Hopf algebra and 
K, L be two Hopf subalgebras of H .If M is a K-module then 

M T^| L = (M U nK ) f 

Proof. For any .fT-module M one has 

M ] LK [ L = LK ® K M 

while 

(M Unx) T L = L ® Ln x M 
The previous Proposition implies that i&nk K LK = rank LnK L thus both modules 
above have the same dimension. 

Define the map <fi : L ®lc\K M — > LK ® K M by 4>{l ®l^k m ) = I ®k m which 
is the composition of L ®lc\k M LK ®lc\k M —>■ LK ®x M . Clearly is a 
surjective homomorphism of L-modules. Equality of dimensions implies that is an 
isomorphism. 

□ 

If LK = H then the previous theorem is the generalization of Mackey's theorem 
decomposition for groups in the situation of a unique double coset. 
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